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The Inverse (Optical) Scattering Problem
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𝐱: incident )ield
𝐲: scattered )ield intensity
𝛉: permittivity distribution
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Forward Computation

Light-Structure Interaction

▪ Incident Field satisfies 
Maxwell Equations in
homogeneous medium

▪ Total Field satisfies 
Maxwell Equations in
inhomogeneous medium

∇×𝐄!"# = −𝑖𝜔𝜇$𝐇!"#
∇×𝐇!"# = 𝑖𝜔𝜖$𝐄!"#

∇×𝐄%&% = −𝑖𝜔𝜇$𝐇%&%
∇×𝐇%&% = 𝑖𝜔𝜖$𝝐𝐄%&%
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Forward Computation

Light-Structure Interaction

▪ Incident Field satisfies 
Maxwell Equations in
homogeneous medium

▪ Total Field satisfies 
Maxwell Equations in
inhomogeneous medium

▪ Scattered Field satisfies
Maxwell Equations in
homogeneous medium 
but driven by effective source
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Forward Computation

Light-Structure Interaction

▪ Scattered Field satisfies
Maxwell Equations in
homogeneous medium 
but driven by effective source

▪ Scattered Field computed 
using Green’s Function

𝐄'#((𝐫)) =2
*!
G 𝐫+ − 𝐫)

𝐉(𝐫+)
𝑖𝜔 d,𝐫+

Green’s
Function

Effective
Source



Forward Computation

Light-Structure Interaction

▪ Scattered Field satisfies
Maxwell Equations in
homogeneous medium 
but driven by effective source

▪ Scattered Field computed 
using Green’s Function: 

▪ Lippmann-Schwinger Equation
𝛘(𝐫) = 𝜖7[𝝐 𝐫 − 𝟏]

▪ Other methods:
RCWA, FEM, etc…

𝐄'#((𝐫)) =2
*!
G 𝐫+ − 𝐫) 𝛘 𝐫+ 𝐄'#( 𝐫+ + 𝐄!"# 𝐫+ d,𝐫+

unknown unknown



Backward Computation

Solving Inverse Problem

▪ Lippmann-Schwinger Equation
𝛘(𝐫) = 𝜖7[𝝐 𝐫 − 𝟏]

▪ Compare the difference 
between meas and pred 
on the camera detector

ℒ =7
*"

8𝐄'#((𝐫)) − 𝐄'#((𝐫)) )d)𝐫)

predmeas
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Backward Computation

Solving Inverse Problem

▪ Lippmann-Schwinger Equation
𝛘(𝐫) = 𝜖7[𝝐 𝐫 − 𝟏]

▪ Compare the difference 
between meas and pred 
on the camera detector

▪ The chain of gradient derivation
cannot be completed.

▪ Cannot derive the derivative of 
E89: with respect to𝛘

analytical 
expression



Reciprocity Theorem

• Derived from the Maxwell Equations

• Applies to linear, isotropic materials, 

and time-harmoic sources and fields

2
*"
𝐉) 𝐫) ⋅ 𝐄+ 𝐫) d,𝐫) =2

*!
𝐉+ 𝐫+ ⋅ 𝐄) 𝐫+ d,𝐫+



Backward Computation

Solving Inverse Problem using 
Reciprocity Theorem

▪ Identify the source and the field 
in the expression of δℒ

▪ Find the source that generates 
the field δ𝐄89:

▪ Find the field that is generated by
the source 𝜕ℒ/𝜕𝐄89:

δℒ = 7
*"

𝜕ℒ
𝜕𝐄'#((𝐫))

⋅ δ𝐄'#((𝐫))d)𝐫)

Source Field



Backward Computation

Find the source that generates 
the field δ𝐄'#(

▪ The total field 𝐄;<; satisfies 
the Maxwell Equation with 
permittivity 𝜖7𝜖

▪ The new total field 𝐄′;<; satisfies 
the Maxwell Equation with 
new permittivity 𝜖7𝜖′
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Backward Computation
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▪ The total field 𝐄;<; satisfies 
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▪ The new total field 𝐄′;<; satisfies 
the Maxwell Equation with 
new permittivity 𝜖7𝜖′

▪ δ𝜖 ↔ δ𝐉 ↔ δE89:
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δℒ = 7
*"

𝜕ℒ
𝜕𝐄'#((𝐫))

⋅ δ𝐄'#((𝐫))d)𝐫)

δℒ =2
*!

𝐄'-# 𝐫+ ⋅ δ𝐉(𝐫+) d)𝐫+

Backward Computation

Solving Inverse Problem using 
Reciprocity Theorem

▪ Identify the source and the field 
in the expression of δℒ

▪ Find the source that generates 
the field δ𝐄89:

▪ Find the field that is generated by
the source 𝜕ℒ/𝜕𝐄89:

source field

field source



δℒ =2
*!
𝐄'-# 𝐫+ ⋅ δ𝐉(𝐫+)d)𝐫+ ≥ −2

*!
𝐄'-# 𝐫+ )d)𝐫+

Backward Computation

Solving Inverse Problem using 
Reciprocity Theorem

▪ The variation δℒ proportional to
the variation δ𝝐.



δ𝐉 𝐫+ = 𝑖𝜔𝜖$δ𝜖 𝐫+ 𝐄%&% 𝐫+ = −𝐄'-#∗ 𝐫+

δ𝜖 𝐫+ = −
𝐄'-#∗ 𝐫+

𝑖𝜔𝜖$𝐄%&% 𝐫+

Backward Computation

Solving Inverse Problem using 
Reciprocity Theorem

▪ The variation δℒ proportional to
the variation δ𝜖 through δ𝐉.

▪ The minimum value of δℒ
attained when 𝐄8=9 and δ𝐉 are 
parallel but in opposite directions.

▪ The steepest descent direction of 
ℒ with respect to 𝜖 is derived.



Summary

Solving Inverse Problem using 
Reciprocity Theorem

▪ Perform 2-times computation of
Light-Structure Interaction.

▪ Update permittivity distribution 𝜖
at all locations together. 

Compute:

1. Scattered field: 𝐄89:
2. Loss function: ℒ(𝐄89:)

3. Effective source: 𝜕ℒ/𝜕𝐄89:
4. Effective field: 𝐄8=9
5. Update function of 𝜖: δ𝜖

FORWARD

BACKWARD



Concolusion

FORWARD

BACKWARD

• Avoid gradient computation in inverse (optical) 
scattering problem using Reciprocity Theorem 

• Requires ONLY two propagations to be able 
to update permittivity distribution at all locations 
simultaneously.
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